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Abstract 

We have developed a practical analytical treatment of the non-linear Poisson-Boltzmann (P-B) equation to characterize 

the strong but non-specific binding of charged ligands to DNA and other highly charged macromolecules. These reactions 
are notable for their strong salt dependence and anti-cooperativity, features which the theory fully explains. We summarize 
analytical results for concentration profiles and ion binding in various regimes of surface curvature and ionic strength, and 
show how counterion size and charge distribution may influence competitive binding. We present several practical 
applications of the formalism, showing how to estimate the ligand concentration needed to effectively compete with a given 
buffer salt, and how to calculate the amounts of counterion species bound at various distances from the DNA surface under 
given bulk solution conditions. We cast our results into the form of a Scatchard binding isotherm, showing how the apparent 
binding constant Kobs and S = -dlog K,,,/dlog[M+] can be predicted from the basic theory. Anti-cooperativity arises 
naturally without steric repulsion, and binding curves can be fitted with Kobs and effective charge as the only free 
parameters. We extend the analytical P-B analysis to an arbitrary number of counterion species, and apply the results to fit 
and predict three-ion competition data. 
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1. Introduction 

An important class of reactions in biology is the 
strong but non-specific binding of charged ligands to 
DNA and other highly charged macromolecules. 
These reactions have two common characteristics. 
First, the binding is generally strongly salt-depen- 
dent. If, as is common, the reaction is written as a 

chemical equilibrium with one ligand molecule L 
releasing S salt counterions M+ upon its binding to 
DNA [l] 

DNA+L’+=DNAL+SM+ (1) 
[DNAL] K 

=p 
Kobs = [DNA][L] [M+]s (2) 

the apparent binding constant Kobs decreases accord- 
ing to the power S of the salt concentration 

dlog Kobs 
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Z2 

Zl 
(3) 
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where Z, and zZ are the charges of the salt and 
ligand, respectively. 

Second, these reactions are often highly anti-co- 
operative: the apparent binding constant decreases 
strongly as the fractional degree of ligand binding 
e2 increases. The anti-cooperativity is often treated 
as a steric repulsion between the ligands, each oc- 
cluding N consecutive sites upon its binding to the 
linear array of polymer binding sites, according to 
the familiar McGhke-von Hippel 
El 

02 (1 - N@,)N 
-= IL] Kobs 

[I -(N- l)@,lN-’ 

binding isotherm 

(4) 

where Kobs is now the apparent binding constant in 
the limit of zero binding. The two parameters Kohq 
and N are usually sufficient to fit any binding data. 

However, this common approach has a number of 
unsatisfactory practical and conceptual deficiencies. 
For example, the apparent site size N in most cases 
increases with Q/Z,; however the source of this 
relationship is unclear, since the meaning of N in 
Eq. (4) is the physical size rather than the charge of 
the ligand. Fitting binding data for the same ligand at 
various salt concentrations often yields N values 
which vary randomly by up to 50%, but with a 
general tendency to decrease in higher salt concen- 
trations. 

At a more fundamental level, the appropriateness 
for non-specific binding of the chemical reaction 
model embodied in Eq. (1) is open to question. The 
strong salt dependence, together with typically very 
low values of Kobs at salt concentrations about 1 M 
or above, suggest that the main driving force for 
binding is the purely electrostatic, non-specific asso- 
ciation of the ligand with the macroion. Both experi- 
mental [3-71 and theoretical [8-141 studies have 
established convincingly that ions are attracted to the 
DNA surface as a whole, rather than to individual 
phosphates. This behavior is especially emphasized 
in counterion condensation theory [15]. In other 
words, the ions are not localized electrostatically at 
certain sites on the DNA but are essentially free to 
move along its surface in any direction. except for a 
slight preference for the grooves which vanishes for 
ions larger than 2 A radius [ 14,161. 

The steric repulsion between counterions in such 

a mobile charge cloud is negligible even for quite 
large ions [ 171. For example, B-DNA has about a 
100 2 surface area per unit charge. Therefore, even 
at the highest counterion concentrations with all ions 
at the surface, the average distance between two 
monovalent counterions is about 10 A. For higher 
valence counterions, the average distance is even 
larger: lOJz, A,. The electrostatic repulsion between 
the ions keeps them as far as possible ftom each 
other, so that ions as large as lo-15 A do not 
experience significant steric repulsion. Thus the ex- 
planation of anti-cooperativity by physical occlusion 
of localized sites on a linear polyelectrolyte seems 
inconsistent with the underlying physics of electro- 
static binding, a point made earlier by Ray and 
Manning [ 181. 

The conventional model of an ion exchange reac- 
tion with fixed stoichiometry is inappropriate to de- 
scribe purely electrostatic ligand binding for another 
reason. Both ligand and buffer ions have a continu- 
ous distribution of free energy within the screening 
counterion cloud. Therefore, there is no single value 
for the free energy of ion binding that would lead to 
an exchange reaction with fixed stoichiometry. 

Given these inadequacies of the conventional 
model, a new approach seems desirable. Such an 
approach should employ a more realistic physical 
picture of non-specific electrostatic binding, enabling 
the derivation of all observed features including the 
values of N and Koh\ directly from electrostatics 
without postulating any poorly defined “binding 
sites”. On the other hand, such a new approach 
should also be simple enough that it can be readily 
applied to practical situations, without elaborate cal- 
culations. 

In this paper, we show how a practical approach 
to non-specific electrostatic ligand binding can be 
developed using the non-linear Poisson-Boltzmann 
(P-B) equation. This is an extension of our previous 
work [19,20], summarizing and clarifying the theo- 
retical development and showing how the key equa- 
tions can be applied to a variety of experimentally 
important situations. 

The screening of a charged surface by a mixture 
of counterions is conceptually simple, and has been 
treated by a large variety of statistical mechanical 
theories, most of which must be solved numerically 
to yield useful results. The simplest theory of poly- 
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electrolyte solutions that provides a level of struc- 
tural detail adequate for our purposes is embodied in 
the P-B equation [9- 13,21-271. The ligand may be 
represented as a hard sphere or point charge, or with 
a detailed geometry and partial charge distribution. 
The DNA double helix may also be modeled at 
different levels of structural detail, but its electro- 
static properties are well represented by a uniformly 
charged cylinder [9,11,14,28]. The main features of 
competitive ligand binding are often adequately cap- 
tured by the simplest geometry: two hard spheres of 
different charge and size, near a uniformly charged 
cylinder [10,20]. Strikingly, as we shall see below, 
this model can be further simplified to ion competi- 
tion near a planar charged wall. 

Using the non-linear P-B approximation, how- 
ever, has in the past involved numerical solution of 
the differential equation followed by integration of 
the excess ion concentration profile to obtain the 
amount of ligand bound at any particular condition. 
This procedure is not simple enough to predict gen- 
eral trends and make practical estimates of binding 
parameters. In our preceding papers [19,20], we de- 
veloped an approximate (but simple, explicit, and 
reasonably accurate) analytical description of counte- 
rion competition near an arbitrarily curved surface 
with any charge density in a solution of any ionic 
strength. In this paper, we summarize and apply this 
approach to a variety of problems relevant to the 
competitive binding of charged ligands to DNA. The 
results are also applicable to other highly charged 
macromolecules. 

In Section 2 we summarize analytical results for 
concentration profiles and ion binding in various 
regimes of surface curvature and ionic strength, and 
in Section 3 show how counterion size and charge 
distribution may influence competitive binding. In 
Section 4 we present several practical applications of 
the formalism, showing how to estimate the ligand 
concentration needed to effectively compete with a 
given buffer salt, and how to calculate the amounts 
of counterion species bound at various distances 
from the DNA surface under given bulk solution 
conditions. 

In Section 5 we cast our results into the form of a 
Scatchard binding isotherm, showing how the param- 
eters Kobs and S can be predicted from the basic 
theory. Anti-cooperativity arises naturally without 

steric repulsion, and binding curves can be fitted 
with Kobs and effective charge as the only free 
parameters. In Section 6, we extend the analytical 
P-B analysis to an arbitrary number of counterion 
species, and apply the results to fit and predict 
three-ion competition data. Finally, in Section 7 we 
summarize our results. 

2. Summary of theoretical results 

In this section and the next we summarize the 
main results obtained in our earlier papers [19,20], 
and introduce some correction factors that yield bet- 
ter agreement with exact numerical solutions. In the 
first of those papers, we showed that the non-linear 
P-B equation could be solved analytically in differ- 
ent regimes, depending on the relative magnitudes of 
three characteristic lengths: the radius of curvature R 
of the polyion surface, the Debye screening length 
r,, and the decay length hi of the distribution of 
z-valent counterions at the polyion surface. For highly 
charged polyions like DNA, to which we confine our 
attention in this paper, h; is always less than R and 
rd. When R > rd, at high ionic strength, the DNA 
can be treated as if it is a planar surface; when 
R < r,, at low ionic strength, the DNA must be 
treated as a cylinder. The following quantities are the 
same in any geometry 

s,’ 
Bjerrum length: 1, = - 

ck,T 

qe 
Surface charge density: CT = - 

2rrbR 

4e 
Thickness of counterion layer: A, = ~ 

4ru1, z. 

Ionic strength: I = ; c QZ,? 

(7) 

(8) 
L i 

Debye screening length: rd = (87rZ1,) -“’ (9) 

Manning ratio: 5 = 1,/b ( 10) 

where q, is the elementary charge, E is the dielectric 
constant, k, is the Boltzmann constant, T is the 
temperature, b is the charge spacing along the DNA 
helix, and nbi is the bulk molar concentration of the 
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ith ion of charge 5,. In water at 25°C I, = 7.14 A 
and r, = 3.34 fi A. For B-DNA with b = 1.69 A 
and R = 10 A, (T= 4.5 X 10” esu cm-‘, correspond- 
ing to gne charge per 106 2’; A, = 1.19, 0.595, and 
0.397 A for z = 1, 2, and 3 respectively; and .$ = 4.2. 
The values of o and A, are for point charges. All 
distances should be measured from the distance of 
closest approach to the polyion surface (Fig. 1). This 
has the effect of increasing the effective R, reducing 
u, and changing proportionately all quantities that 
depend on these. 

2.1. Single counterion near a highly charged surfuce 

Although our main interest is in the competition 
between different counterion species, we must first 
understand the behavior of single species of counte- 
rion interacting with highly charged (effectively) pla- 
nar and cylindrical surfaces. 

2.1.1. Planar sugace 
A key quantity is the surface concentration of 

counterions ns, which for a plane is 

n, = 2r( o/qej21, (11) 

Analytical solution of the P-B equation near a 
highly charged planar surface with a single counte- 
rion species yields the excess counterion concentra- 

Fig. 1. Two counterion species binding to and screening a highly 
charged surface. See text for definition of symbols. 

tion An(r) = n(r) - nb at distances r < r,, from the 
surface 

An(r) = ns 
(1 + r/2A,)’ 

(12) 

For B-DNA, the surface counterion concentration 
is very high: n, = 6.65 M. The non-linear counter-ion 
distribution described by Eq. (12) exists only for a 
highly charged surface and sufficiently low ionic 
strength: A, < rd or, equivalently, I < n,. For B- 
DNA, this requires I < 1 M, not a very severe 
limitation. For ions of finite size, r is the distance 
from the surface to the ion center. 

The ion distribution Eq. (12) is independent of the 
bulk solution. The thin “condensed” layer of coun- 
terions does not dissolve even at infinite dilution. 
This is the P-B analog of counterion condensation 
[ 151 with a volume per condensed ion of approxi- 
mately A, bR. However, in contrast to the analogous 
quantity VP in counterion condensation theory, AZ bR 
decreases with increasing z and decreasing T or E, 
in better accord with physical intuition. 

The fraction of charge z@(r) neutralized by 
counterions within a distance r from the surface is 
found by integrating Eq. (12) and noting that 
2zq,n,Az/cr= 1 

zO( r) = g $ = :i’dr’An( r’) 
i _I 

1 
=l- 

1+& 
(13) 

where we have combined Eq. (5)-(7) to show that 

2zq,n,AJu= 1 (14) 

A considerable fraction of the surface charge is 
neutralized within a few A,, one-half within 2AZ. Eq. 
(14) shows that a simple estimate of the fractional 
charge bound as a product of the counterion charge 
density at the surface zq,n, and the thickness AZ 
yields a quantity close to the full surface charge (T. 

The salt independent part of the excess counterion 
profile (Eq. (12)) holds up to distances r = r,, from 
the surface. The remaining part of the surface charge 

(15) 



I. Rouzina, V.A. Bloomjield/ Biophysical Chemistry 64 (1997) 139-155 143 

is screened within the Debye-Huckel exponential 
tail, and is not described by Eq. (13). 

2.2. Cylindrical surface 

When the radius of curvature is less than the 
Debye length 

R d 4521 
-= - <l 
rd ns 

(16) 

the cylindrical P-B equation must be used. For 
B-DNA, Eq. (16) shows that this occurs at I I 0.1 
M. However, if the polyion charge density is still so 
high that 

R 
-=z[>l 
2h: 

(17) 

which corresponds to the condition for counterion 
condensation [ 151, then screening is similar to the 
planar regime. 

Solution of the P-B equation with a single coun- 
terion species in cylindrical geometry leads to the 
renormalized excess surface concentration 

n: = n,( 1 - 1/z5)2 

and the excess concentration profile 

(18) 

An(r) = 

(19) 

The n,* value is not very different from the planar 
value rzs if zt > 1, i.e. the cylinder is highly charged. 

Expansion of Eq. (19) with respect to r/R yields 
the standard decay length A, near the surface, since 
this is fixed by u. Integration of An(r) yields 

zO( r) 

= zq,/,’ d3r’An( r’) 

= zq, + - 
z5- 1 

l- 

which for r < R can be written as 

zO( r) = 
zq,n,” 2AI* 

cr 

Here we used Eq. 
planar decay length 

1 1 I l- r (21) 
1+- 

2h; 

(17) and introduced the quasi- 

A; = A,/( 1 - l/z0 (22) 
It follows from Eq. (14) and (21) that the maxi- 

mum fraction of charge which can be neutralized 
within the non-linear (independent of the bulk salt) 
part of the counterion distribution is 

2zq,n:Af 
= 1 - l/z5 

u (23) 

Comparing Eq. (21) and (13), we can write the 
fraction of charge bound to the cylinder as 

z@(r) =(l- l/z5)g (24) 

At any finite salt concentration, the remaining 
1 - z0 > 1 - l/z5 charge will be neutralized on the 
scale of rd. 

2.3. Competition between two counterion species 

If the solution contains two or more counterion 
species, the excess concentration profile for each of 
them is similar to Eq. (12) or (19), depending on the 
effective geometry. This is because the decay length 
A, for each species is independent of the presence of 
the others; the physical significance of A, is the 
average distance of the ion with thermal energy k,T 
to the highly charged surface attracting it with an 
electrostatic field E, = 47ru/.s. However, the sur- 
face concentration n, in Eq. (12) or ni in Eq. (19) 
should be replaced by the surface concentrations nsi 
or nli for each species. These are not independent, 
and the relationship between the surface ionic con- 
centrations depends on the geometry of the surface. 
In this section we consider just two competing coun- 
terions; more than two will be treated in Section 6. 
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2.3.1. Counterion competition near a charged plane 
The surface boundary condition for the planar 

P-B equation requires 

nsl + n,, = n, (25) 

This equation, together with the Boltzmann law at 
the surface 

%l = nble ‘1~5 and ns2 = nbZ ezzq, (26) 

fully determines the surface concentrations (n,, , n,2> 
in terms of the bulk concentrations (nb,, nb,) and the 
surface electrostatics (n,). Eliminating the reduced 
surface potential FS = -9, &/k,T (4 is the actual 
potential) from Eq. (26) yields 

T2 

( ii,, > i2’Z’ 
= Y and ZS, = 1 - ES2 

where 

Y= 
nb2 nzr/z,- I 
h/i, s 

nbi 

(27) 

(28) 

and 

ii,; = n,,/ns (29) 

is the fractional surface concentration of the ith 
species which varies from 0 to 1 upon titration of the 
solution with this counterion. The dependence of ‘iSi 
on log Y for the competition of monovalent counteri- 
ons with di-, tri-, tetra- and pentavalent competitors 
is shown in Fig. 2. 

N, 
tc 

1 

0.8 

0.6 

0.4 

0.2 

0 

Fig. 2. Reduced surface concentration ii,, = nSl /n, for two com- 
peting species as a function of the bulk solution composition and 
the surface electrostatics represented by parameter Y, Eq. (28). for 
planar geometry. The parameter Y increases with increasing 
relative nb2, Species 1 is monovalent, and is represented by the 
curves that decrease with increasing Y. Species 2 has valence 2, 3, 
4 and 5, with shorter dashes corresponding to the higher valences, 
and is represented by the curves that increase with increasing Y. 

Knowing the individual concentration profiles, Eq. 
(1% and n,, and hZi we can calculate the amounts 
of each species bound at any bulk composition (n,,, 

‘b2) 

r 
zi@l(r> =nsig A, -0 (30) 

This is the main result of our approach. It quanti- 
fies the dependence of the amount of each species 
bound on the bulk composition and surface electro- 
statics combined in parameter Y, through the re- 
duced surface concentrations ii,,(Y ). These can be 
found from Eq. (27) without solving the P-B equa- 
tion. The dependence of the bound charge on the 
distance from the surface is contained in the g(r/ 
hzi) function, Eq. (13). Note that this function will 
be larger for the higher valent species since the 
thickness of the counterion layer is inversely propor- 
tional to the counterion charge. 

The accuracy of this approach is examined in Fig. 
3, which compares the fraction of screening charge 
due to each species within the cut-off distance r,,,, 
ziOi(rcut), as calculated by the approximate Eq. (30) 
and by numerical solution of the P-B equation. Note 
that the g(r,,,/hZ,) factor will be larger for higher 
valent species since the thickness Ai of the counte- 
rion layer is inversely proportional to the counterion 
charge. The approximation is very good for short 
cut-off distances ( rcut = A,), and gets worse for larger 

but is still reasonable even at r + ~0. This 
ZLornes especially evident in Fig. 4 wi%e z.@.(m) 
with nb, for monovalent cations ranging from ;Oe4 
to lo-’ M and nb2 for trivalent cations from lo-l6 
to lo-’ M, is plotted vs. Y. The z,O,(~) curves are 
close to each other and to the fiSi. It is also evident 
that the accuracy of Eq. (30) for rcut -+ m gets better 
at higher solution ionic strength. This is a little 
unexpected, since the accuracy of the approximation 
is certainly limited by the requirement I < n, 

I 

i i 

l/2 

err,- - 
ns (31) 

In general, one can say that Eq. (30) is adequate 
for the higher-valent counter-ion, and that Eq. (30) 
should have a term of order err, added to it to 
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IogY IogY 

-4 -2 0 2 4 6 8 10 -4 -2 0 2 4 6 6 10 
IogY IogY 

Fig. 3. The fraction of the planar surface charge ziOi(rC,,) 
screened by competing monovalent (i = 1, decreasing left to right) 
and trivalent (i = 2, increasing left to right) ions as a function of 
the bulk composition variable Y, Eq. (28). The bulk monovalent 
ion concentration nb, was fixed at 10m4 M, and Y was varied by 
increasing rzb2. The cut-off radii r,,, for charge integration are (a) 
1 A, (b) 3 A, (c) 9 A, and Cd) =. The surface charge density was 
that of B-DNA, and the counterions were treated as point charges. 
The broken lines are from numerical integration of the planar P-B 
equation; the solid lines are from Eq. (30). 

-4 -2 0 2 4 6 0 

IogY 

Fig. 4. The total fraction of the planar surface charge z,Oi(m) 
screened by monovalent and trivalent competing species as a 
function of the bulk composition represented by Y. The dashed 
lines are from numerical integration of the P-B equation for the 
plane. The thin solid lines are the corresponding reduced surface 
concentrations ii,,, which serve as a first approximation to all the 
numerical dependences. The bold dash-dotted lines are the im- 
proved approximation ziOi(m) = iiSiv,, Eq. (32). In each calcula- 
tion, the monovalent ion concentration was fixed at 10e4, lo-* 
or 10-l M, while the trivalent counterion concentration was 
varied; the longer dashes correspond to lower ionic strength. 

account for the screening by the lower-valent counte- 
rion in the region r > rd. 

However, for two competing species there is an- 
other source of inaccuracy: the deviation of each 
excess counterion profile from Eq. (12) upon titra- 
tion. This deviation is negligible close to the surface 
( r = AZ) where the decay of each concentration pro- 
file is defined by the unscreened surface field. It 
becomes somewhat larger at longer distances, as 
seen in Fig. 3 of our previous paper [19]. Being 
minor, but integrated up to a large distance of ap- 
proximately rd x=- AZ, this deviation can significantly 
alter the accumulated charge from its estimate in Eq. 
(30). This can be improved to some extent by intro- 
ducing correction factors u, and v2 into Eq. (30) for 
large cut-offs rcut > r, 

Z,Oi(~) = F&v, 

where 

(32) 

1 

V1 = 1 -(l -2,/z&(2-z,/z*)fis2 
and 

1 

y2 = 2 - z,/zz - (1 - Z,/Z,)Eis? 
(33) 

correct for the slight changes in the shape of the 
excess concentration profile of each species upon 
titration. These factors were obtained by interpola- 
tion between their values in the two limiting cases 
~~0, + 0 and z2 0, + 0. The limiting value of 
v2( z2 0, + 0) can be calculated by analytically inte- 
grating the excess concentration of the second species 
in the potential for screening by the first species 
only, which we know from the single species profile, 
Eq. (12); and visa versa for v,( z,O, + 0). The two 
factors are related throughout the titration by Zi,, v1 
+ii,,v, = 1. 

As can be seen in Fig. 4, these factors indeed 
correct for the major salt-independent part of the 
error. The remaining error is largest when the higher 
valent species is in a majority at the surface. This is 
because strong screening of the surface at very short 
distances of around h,, < AZ, slows down the decay 
of the lower valent species distribution. However, 
this is always less than 

err2 = O.Ol( nS/Z)(1’2-z~‘zz) (34) 
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When applying Eq. (301, zi@, should be in- 
creased by an amount of order err,, and z? O? 
should be decreased by a similar amount. For 0.01 M 
ionic strength with trivalent and monovalent counte- 
rions, the error in z@(m) is always less then 3%. 
The err2 becomes larger at lower ionic strength and 
for more asymmetric charges of the counterion 
species, as illustrated in Fig. 5. We see that in the 
last panel, where (l/2 - z,/z,> < 0, even very low 
salt concentration yields a rather high accuracy. 

The err, and err2 are additive, and suggest that 
the accuracy of Eq. (32) gets worse for too low as 
well as for too high ionic strengths. However, the 
total error is still less than 15% for ionic strengths in 

0 Yk,,,,,,,l,,,$ 
-4 -2 0 2 4 6 8 10 

IogY 

Fig. 5. The same as Fig. 4, but for different pairs of ion charges. 
The curves are for a specific value of the bulk concentration of the 
lower-valent species and varying concentration of the higher-va- 
lent species. The dashed lines are numerical P-B results, the solid 
lines are reduced surface concentrations iiSi, and the dash-dotted 
lines are ii,,v, values. The concentrations and valence pairs are 
(a) q,, = lo-’ M, ;, = 1, zs = 3; (b) ns, = lo-’ M, Z, = 1, 
za = 5; Cc) nb, = 1O-5 M, z, = 2, zs = 3. 

the wide range lo-’ M < I < 0.1 M. Eq. (32) is 
most accurate at intermediate I values of about 
0.001-0.01 M. The importance of the approximate 
Eq. (30) and (32) is that they combine reasonable 
accuracy with great simplicity. They should be used 
for r,,, < r* and rcot > rd, respectively. 

2.3.2. Counterion competition near a charged cylin- 
der 

Considering the character of the single counterion 
species distribution around a cylinder, we can easily 
extend most of the above conclusions with respect to 
species competition to the cylindrical case. One can- 
not write the exact equality of Eq. (25) for cylindri- 
cal geometry, but in practice a very similar relation- 
ship holds 

%l n 
+ 

52 

n,(l- l/z,5)2 n,(l- l/z25)2 =I 
(35) 

where the two terms are the surface concentrations 
of species 1 and 2 reduced by their maximum values 
n:i:fi,j = r~~~/n~~, where n,*; are defined by Eq. (18). 

As in the planar case, the variation of ESi from 0 
to 1 with the bulk composition follows the titration. 
Eq. (26) and (35) allow the calculation of ES; with- 
out solving the P-B equation. It is the same function 
of composition for the cylinder as for the plane, but 
of the slightly different parameter Y * : 

(36) 

Y * = Yx, x= 
(1 _ l/z,~)Z?/Z1 

1 - l/z25 1 ? 

(37) 

This, in turn, yields the amount of charge neutral- 
ization as a function of distance from the cylinder 

Z,@;(r) =Z:Zg(r/A,*,)(l - l/Zit), r< 

and 

Z,@i(“) = %i:,( 1 - l/z, 5)Y* 

+[1-(z,@1+z,@,)], 

z2@2(m) =Zi,;(l - l/zZe)v2, r*r, 

These equations are compared with 
solutions to the cylindrical P-B equation 

'd (38) 

(39) 

numerical 
in Fig. 6. 
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Fig. 6. The same as Fig. 3, but for a cylindrical surface. (Bulk A near the B-DNA surface, Reff = 10 + 2.8 = 12.8 
monovalent ion concentration nb, = lo-‘M.) Dashed lines, nu- A, which yields n’, = 4.06 M instead of 6.65 M and 
merical P-B calculation; solid lines, approximate Eq. (38). A:= 1 = 1.43 A instead of 1.19 A for the point charge. 

Just as in Fig. 3 for the plane, the accuracy of our 
approximate equations is high for short cut-offs, and 
gets worse but remains reasonable for longer cut-offs. 
In contrast to the planar case, the limiting values for 
the amounts bound are less than unity by the (1 - 
1 /zi 5 ) factors. The rest of the charge is screened in 
the Debye-Hiickel regime, i.e. each species partici- 
pates in an amount proportional to its share of the 
bulk ionic strength. Since I = nb,, almost all the 
residual charge is screened by the buffer counterions. 
This is reflected in the last panel of Fig. 6 for 
Zi Oi(“). 

3. Influence of counterion sizes on competitive 
electrostatic binding 

The above treatment assumed the counterions to 
be point charges. In this case only the polyion char- 
acteristics influence binding, through the quantity n,. 
If competing species are of the same size, all the 
above conclusions are still valid, except that the 
distance of closest approach (ionic radius 6, Fig. 1) 
increases the effective radius of the polyion 

Reff = R + 6 (40) 

This, in turn, decreases the effective surface charge 
density 

R 
akff =v- 

R (41) 
eff 

Consequently, the total surface counterion con- 
centration and thickness of the counterion layer 
should be resealed as 

R 
and A>=AZ$ (42) 

If the sizes of the competing counterions are 
different, and 6, < S,, the larger species will be at a 
disadvantage [20]. The surface will be considerably 
screened by the smaller ions before the larger ones 
can come into play. The measure of this effect is the 
value of the ion size difference A 6 = 6, - 6, rela- 
tive to the thickness of the screening layer of the 
smaller species AZ=, = A. We have assumed a 
monovalent buffer cation for concreteness. 

If A 6/A < 1, the ion competition is still very 
similar to that between point charges. For example, 
the power of the salt dependence of the binding 
constant S will still be z2/z1, but Y and Kobs will 
acquire the additional factor e-‘2*‘/*. This can also 
be viewed as a decrease in the apparent II, such that 
one should use nrZ2’Z1-’ - _ nzz/zl-le-z*AS/h in_ 

stead of n~i’/Zl-‘) :n express&s such as Eq. (28). 
Through this factor, the slight difference in the coun- 
terion sizes influences their competitive binding. In 
most cases, we do not know the exact size of the 
ligand, which introduces an uncertainty into our 
description. However, since A6/A < 1, the unknown 
factor e-iZAs/” in Y or Kobs is on the order of 
unity. This defines the limit of accuracy in our 
prediction of the amount of bound ligand. The mag- 
nitude of n(sLz / :I-’ ) for the particular pair of compet- 
ing counterions can be found by fitting the experi- 
mental titration data to the P-B binding isotherm in 
Section 5 with respect to K,,. 

On the other hand, if A 6/A >> 1, the larger lig- 
and “sees” a surface that is almost completely 
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screened. Therefore its binding is always weak (less equilibrium dialysis measures the total amount af- 
than kT per ion) and depends weakly on the salt 
(S,,, = 1 instead of zJz,) even if the ligand charge 

fected by the polyion field, out to r = ~0. For peda- 
gogical purposes, we use a question-and-answer for- 

is very high. mat. 
Between these limits, when AS/h = 1, there 

should be intermediate behavior, in which the effec- 
tive charge of the larger species is less than its actual 
value of z2. This is because only the part of the 
ligand charge that is closer to the surface than 

4.1. Rough estimates 

s,, = 6, + A (43) 

participates in sczeening. Thus for Naf buffer, S,, = 
2.8 + 1.4 = 4.2 A. The apparent power of the salt 
dependence of such binding is then S,,, < S = Z/L,. 

If the ligand is a large globular particle with 
distributed charges, its effective binding charge z,,.~ 
(or S,,,> should be estimated with the numerical P-B 
procedure taking into account the specific geometry 
of the DNA-ligand complex. Nevertheless, we can 
use our analytical conclusions to obtain an estimate 
of this quantity 

z,rr = s$. zi eKAS~/’ 
I ir 

(44) 

The summation is over all ligand charges that can 
approach closer than S,,, weighted with their reduc- 
tion factors e- ‘s,‘*. Therefore, titration data on 
strongly salt-dependent globular ligand binding 
should be fitted to the binding isotherm with both 
Kobs and z2 as fitting parameters. 

Question: how much Mg’+ is needed to compete 
effectively with 0.5 M NaCl buffer? 

Answer: here we need to determine not the exact 
Mg2+ concentration, but rather the order of magni- 
tude that will provide comparable amounts of Mg’+ 
and Naf at the surface, such that zlO,/zZOZ = 
0. l- 10. This type of estimate is helpful for choosing 
the starting ligand concentration for a titration exper- 
iment, or choosing the lowest [Mg”] that effec- 
tively replaces all Na+ at the DNA surface. The very 
rough estimate z;O, = Zi,; together with Eq. (27) 
yields Y = 1. The value of ns, taking into account 
the size of Naf, is approximately 4 M. Differences 
in the counterion sizes can further reduce the effec- 
tive 12,. At the level of accuracy required here, we 
can use just the order of magnitude II, = 1 M. This 
yields a simple relationship that could often be used 
for rough estimates like the present one 

nb2 N n;$/:’ (45) 

Therefore nMg = ni, = 0.25 M. 
Question: how much Mg2+ will we need in fifty- 

fold-diluted buffer? 

4. Typical calculations of competitive binding 

In this section, we show how to use the theoreti- 
cal formalism to answer some typical experimental 
questions related to competitive electrostatic binding. 
We begin with rough estimates of competing quanti- 
ties of counterion species. We then consider more 
specific estimates of bound quantities within various 
distances from the polyion surface. This is an impor- 
tant issue in the analysis of experiments, since the 
definition of a “bound” ion varies from one tech- 
nique to another. For examplf, NMR measures 
amounts bound within about 5 A from the surface, 
gel electrophoresis measures the fraction of total 
screening charge bound strongly (with free energy 
per ion above k,T) closer than r, to the surface, and 

Answer: according to Eq. (451, the Mg2+ concen- 
tration should be reduced 50’ = 2500 times. 

Question: how much spermidine3+ (Spd3+) com- 
petes effectively with 10 mM NaCl? 

Answer: according to the approximate Eq. (45), 
lrSpd = (+J3 = 1 FM. 

Question: how much Spd3+ will we need in 
fiftyfold-diluted buffer? 

Answer: according to Eq. (451, [Spd3+ 1 should be 
reduced 503 = 125 000 times! 

In general, it follows from Eq. (28) that to main- 
tain any particular degree of binding while varying 
the bulk composition, one should keep n,J~~i/‘l 
constant. If z2/z, > 1, a variation in the ionic 
strength (which is usually approximately n,,>, re- 
quires a much larger change in the ligand concentra- 
tion. 
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4.2. More precise estimates with various criteria of are highly sensitive to the value of rCUt, but they 
‘ ‘binding ’ ’ saturate very quickly at rCUt = lOA, = 8 for z = 2. 

4.2.1. High salt: 0.1 < I < I M (planar geometry) 
4.2.2. Low salt: I < 0.1 M (cylindrical geometry) 

Question: how much total Mg*+ is bound to 
B-DNA if the bulk solution contains 0.2 M sodium 
buffer and 10 mM MgClz? 

Question: how much total Spd3+ is bound to 
B-DNA if the solution contains 10 mM sodium 
buffer and 4 p,M Spd3+? 

Answer: I = 0.2 M is a high enough ionic strength 
for the effects of polyion cylindricality not to have to 
be considered. We can then use the formulas for 
planar geometry. From Eq. (28) we see that Y = 
0.0 l/(0.2)2 x 4 = 1. We plot Y = &/(l - Es,)* 
according to Eq. (27) and read from the graph the 
values corresponding to Y = l:ii,, = 0.62, iis? = 
0.38. We calculate the total amounts of charge neu- 
tralization with Eq. (32) and (33), finding y,(riT2) = 
1.18, v2(&) = 0.71, z,@,(=J) = 0.62 X 1.18 = 0.73, 
and z2 O*(w) = 0.38 X 0.71 = 0.27. Since the ionic 
strength in this case is rather high, the accuracy of 
this estimate is limited by the amount of screening 
charge residing in the Debye-Hiickel tail. According 
to Eq. (31), err, = (Z/n,)1/2 = (0.22/4)‘/’ = 0.23. 

Question: how can we account for the diffuse 
Debye-Htickel screening? 

Answer: the total amounts calculated as bound in 
the preceding paragraph are the amounts within the 
cut-off rCUt = rd, which are the z,@,(m) multiplied by 
the corresponding g( rJhzi) fa$tors from Eqb (13). 
In this particular case, rd = 6.6 A, A,, = 1.43 A, and 
A?? = 0.71, so g, = 0.70 and g, = 0.82. This yields 
z, @,(rd) = 0.73 X 0.70 = 0.51 and z2@?( rd) = 0.27 
X 0.82 = 0.22. The residual fractional charge, ap- 

proximately 0.27, is weakly (less than k,T per ion) 
bound beyond rd and is almost all Na+. 

Answer: Z =: 0.01 M is the range of ionic strength 
where the cylindrical curvature of the DNA becomes 
important. We first use Eq. (28) and (37) to calculate 
Y * = Yx = (nSpdnc2/&) X 0.23 = 14.7. We obtain 
a plot of Ti,,/(l - &?)3 vs. Y * , and read from it the 
values of Es, = 0.35 and ii,, = 0.65 corresponding 
to Y * = 14.7. The total amounts of charge due to 
each species are then calculated with Eq. (39). The 
“strongly bound” fractions of charge due to each 
species, bound with more than kT per ion of binding 
free energy within rd, are z202(m) = zs2(l - 
l/z, E)v, = 0.65 X 0.92 X 0.81 = 0.49, and 
z,@,(m) = &,(l - l/z, .$>v, = 0.35 X 0.76 x 1.35 = 
0.36. The accuracy of this estimate is approximately 
fi = 0.05. The rest of the charge, 1 - (z,O, + 
z,@,) = 0.15, is screened by the Na+ dominating in 
the bulk solution within the weakly bound Debye- 
Hiickel tail. 

Question: how much of each ion is bound within 
3 A of the surface? 

Question: how can we calculate binding close to 
the surface, as in NMR experiments? 

Answer: ihe fractions of neutralizing charge bvund 
within 3 A from the surface are z,O,(3 A) = 
ii,? g(3/A;$Xl - 1dz2 6) = 0.65 x 0.74 x 0.92 = 
0.44 and ~,@,(3A)=~~,g(3/A~,Xl - l/z,,$)= 
0.35 X 0.44 X 0.76 = 0.12. Here we used Eq. (s2) to 
calculate that A$ = A,,/(1 - l/z, 5) = 1.88 A and 
Al2 = 0.52 A. These estimates should be fairly accu- 
rate, given that the cut-off distance is known well 
enough. 

Answer: NMR measures ionic concentrations 
within about 5 A from the DNA surface. Disregard- 
ing the difference in Na+ and Mg+’ ion sizes for the 
simplest estimate, we calculate the cut-off distance 
r CU1 = 5 - 2.8 = 2.2 A for the distance of closest 
approach of the sodium ion with 6 = 2.8 A. The 
corresponding g(2.2 A/A,;) factors are 0.43 for 
Na+ and 0.66 for Mg’+. Therefore the amounts 
bound are z,O,(2.2 A) = ii,, g, = 0.62 X 0.43 = 
0.27, and z2 0,(2.2 A) = Es2 g? = 0.38 X 0.66 = 
0.25. At such short cut-offs near A,, the g-factors 

4.3. Influence of the dielectric 
tion on binding 

constant of the solu- 

Question: how should the Spd3 + concentration 
change to maintain the same degree of binding to 
DNA in sodium buffer if 40% ethanol by volume is 
added? 

Answer: 40% (v/v) ethanol lowers the dielectric 
constant of the solution to E’ = 60 compared with 80 
for pure water. This increases the total surface coun- 
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Table 1 
Binding isotherms and apparent association constants for ligands 
of charge z2 in buffer of counterion valence ;, in planar (high 
salt) and cylindrical (low salt) regimes 

Planar Cylindrical 

02 = K,,,(l- 

nb? 11 

K 06s = Kobs X. 

I L (I_ *,;, ,c)d;l 

X= 
l-1/:*5 1 

v= v2 for total binding O,(m) 7) = ~~(1 - l/z2 .$ ) for total 
binding 02(m) 

terion concentration II, by the factor E/E’ = 80/60. 
Since Y should be constant to maintain the same 
degree of binding, Eq. (28), the Spd3’ concentration 
should be lowered proportionally to n,i?/“‘-‘, 
(s/d)* = 1.8. The apparent electrostatic binding 
constant of Spd3+ will increase by the same factor. 
This calculation assumes, of course, that water and 
alcohol mix to form a uniform solvent with no 
preferential hydration or other specific effects. 

5. Analysis of competitive binding isotherms 

5.1. Analytical P-B isotherm for two counterion 
species 

The relationships we have given above are suffi- 
cient to write out the explicit expression for the 
binding isotherm for electrostatic binding of a 
charged ligand (species 2) in a given buffer (species 
1). The exact results are summarized in Table 1. 
However, for most practical purposes it is more 
appropriate to use the simplified form of the binding 
isotherm 

02 
- = Kobq( 1 - z* O?) ;z’zl 
‘lb2 

(46) 

which uses the approximation z2 0, = hia?. It as- 
sumes the correction factor v? = 1, and neglects the 
l/(1 - l/z2 5) factor multiplying z2 0, in the 
equation for the cylindrical regime. The latter makes 
little difference for the shape of the Scatchard plot, 
but allows fitting of the binding data to a single 
expression over a wide range of salt concentration. 
Variation of u? with the amount of ligand bound is 
essential only for high degrees of binding, z2 8, = 1, 
where the ratio O,/n,, is so small that its variation 
is insignificant for the shape of the Scatchard plot. 

The apparent binding constant in Eq. (46) then 
equals 

The main part of the salt dependence of KobF is 
contained in the nip? “1 factor, yielding the conven- 
tional value zJz, for the slope S, Eq. (3), and a 
new expression for the dependence of K,, on the 
system parameters through n:. This is proportional 
to n,, Eq. (1 1), but can differ from it by a size factor 
of order unity, Eq. (42). If not for this uncertainty, 
Eq. (46) and (47) would completely describe the 
binding. We can still approximately predict binding 
behavior by assuming nb = l-6 M. However, if 
titration data are available they should be fitted to 
Eq. (46) to obtain Kobs at several ionic strengths. 

The factor y in Eq. (47) varies from its cylindri- 
cal value of x (Eq. (37)) in low salt, I -=K n’J46 ’ = 
0.1 M, to its planar value of unity in the range 
rr’,/4E’ < n:. For point charges with n’, = n, = 6.6 
M, this range is 0.1 M 5 I I 1 M. This growth of y 
reflects the slight increase of counterion accumula- 
tion near the cylindrical macroion with increasing 
solution ionic strength upon the transition from 
cylindrical to planar regimes. It results in slower 
growth of Kobp with decreasing salt, relative to the 
conventional n M; L /‘I dependence. This is one possi- 
ble origin of the experimental observation [29] that S 
is usually somewhat smaller than z/z,, another 
being the large size of the ligand. 

The slope S decreases to unity when Z > n>. This 
reflects a transition to a completely different binding 
regime [19], in which the P-B equation becomes 
linear and rd becomes smaller than A,. The salt-in- 
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dependent ionic surface layer then is replaced by a 
Debye-Hiickel exponential distribution. The relative 
amounts of neutralizing species in this case are the 
same as their contributions to the ionic strength 

z,o, = z’n,,/z (48) 

This yields a weak binding constant Kobs = 1 
(G,,JkT< 1) which depends linearly on the salt 
concentration. 

5.2. Binding of sperrnidine3+ to B-DNA 

The analytical approach described above is suit- 
able for the analysis of equilibrium dialysis data [8] 
on Spd3+ binding to DNA in buffer with Na+ as the 
cation. Fig. 7 shows various representations of the 
data and the theoretical treatment, along with the 
numerical P-B results. Panel a shows Scatchard 
plots for three salt concentrations, with data points 
fitted by the conventional McGhee-Von Hippel 
isotherm, Eq. (4) and by the P-B isotherm, Eq. (46). 
The two fits are rather similar, the latter being 
somewhat steeper. The parameters of these fits, and 
on data for two other NaCl concentrations, are given 
in Table 2. We see that Kobq values from the P-B 
fits are only slightly larger. The data are fitted 
somewhat better with Eq. (4), which has both Kobs 
and N as fitting parameters. However, this “im- 
proved” fitting to the physically questionable “site 
size” can bias estimates of the physically significant 
quantity K,,. Indeed, as seen from Table 2, the 
apparent N obtained in such fitting varies randomly 
with ionic strength, which clearly comes from the 
scatter of the experimental points rather than any 
physical trend. 

Log-log plots of Kob, vs. nb,, Fig. 7b, give 
similar average slopes S somewhat lower than z&z, 
= 3: 2.44 for P-B and 2.68 for McGhee-von Hip- 
pel. Intercepts on the log nb, axis are close to zero in 
both cases, meaning that the effective surface con- 
centration a: is close to 1 M. 

An analysis in Fig. 7c of S values obtained from 
the P-B theory shows the expected magnitude close 
to z2/z1 = 3 at the low end of the experimentally 
studied salt range, nblu = 0.05 M. The slope S de- 
creases strongly with increasing salt concentration, 
and reaches a value of approximately 1.7 at the high 
end, nbl = 0.16 M. This is consistent with the pre- 
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Fig. 7. (a) Scatchard plots for equilibrium dialysis data on Spd’+ 
binding to B-DNA (calf thymus or T7) in sodium buffer [8] at 
(O)n,,=0.051 M,(0)n,,=0.072M,and(0)nb,=0.113M. 
Data are fit to the M&he+van Hippel (dashed line) and analyti- 
cal P-B (solid line) binding isotherms. The fitting parameters for 
these three buffer concentrations and three other ones are listed in 
Table 2. (b) Plot of log(K,,,) vs. log[Na+ ] from Table 2 for 

Spd 3+-DNA binding. (0) Analytical P-B parameters, 
log K,_ a.obs = -2.44log[Na]+0.37; (0) McGhee-von Hippel 
parameters, log KMoVH,abs = - 2.68 log[Na] + 0.01. Dashed line, 
numerical P-B calculation for point charge ions, log K,_ snum,oba 
= - 2.93 log[Na]+ 1.11. (c) Negative derivative of the plot in 
panel (b). giving S = - dlog Koba /dlog nb,. The symbols are the 
same as in (b). 

dieted slope decrease within the transition salt con- 
centration range, which in the case of n: = 1 M is 
0.02 M < I < 0.2 M. The strong scattering of S 
values obtained from the McGhee-von Hippel anal- 
ysis is a consequence of the inconsistency of the 
“site size” variation. 

The values of S in Fig. 7c obtained from the full 
numerical solution to the P-B equation behave simi- 
larly to the experimental values. The main differ- 
ences are that the numerical S starts to deviate from 
3 at somewhat higher salt concentration, and falls 
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Table 2 
Fitting parameters for the binding of spermidine3+ to B-DNA at 
the indicated NaCl molarities, according to analytical P-B (K,,, 
p _ a ) and McGhee-van Hippel ( Kobs MG _ ,,“, N) theories a 

nbl K ob\ P-B K obsMG-vH N 
CM) CM-‘) CM-‘) 

0.05 1 3682 + 170 2981 k225 3.34 f 0.30 
0.072 1344&53 1213k 116 3.94+0.34 
0.113 469 + 48 337+40 2.41 +0.55 
0.128 307+ 13 263*17 3.4OkO.38 
0.135 281524 202k9 2.64 f 0.20 
0.158 271 k53 153k20 2.08 + 0.32 

a Data from Braunlin et al. [8]. 

less abruptly. This is due to the higher IZ, value, 6.6 
M for point charges, used for the numerical calcula- 
tions as opposed to the n: = 1 M that best fits 
experiment. This also accounts for the larger inter- 
cept of the numerical calculation in Fig. 7b. 

In Fig. 7a, the P-B curves are slightly steeper 
than the experimental points, a trend that is more 
pronounced in higher salt concentration. The reason 
for this, in our theory, is the transition from cylindri- 
cal to planar non-linear screening and then to linear 
screening with increasing salt concentration. Calcula- 
tions of this effect on the shape of the Scatchard plot 
are shown in Fig. 8. Increasing the ionic strength 
results in a slightly smaller slope, which eventually 
drops to unity at I > 1 M. Thus the simple picture of 
a fixed stoichiometry of ion exchange should hold 
rather well for low ionic strengths. However, this 
apparent stoichiometry decreases due to screening at 
higher salt. 

Fig. 8. Scatchard plots constructed from numerical P-B calcula- 
tions for point trivalent cations binding to B-DNA in the presence 
of point monovalent competitors at concentrations, from bottom to 
top, of 10m4, 10e2, lo-‘, and 10 M. All curves are normalized 
by the appropriate Koba. 

6. Competitive binding of several counterion 
species 

The competition of more than two types of coun- 
terions is often of interest. The equations of Section 
2 can easily be extended for an arbitrary number of 
counterion species. The equivalents of Eq. (25) and 
(261, together with the basic approximation ziOi = 
fi,i, yield equations that completely describe the 
competition between multiple species 

&;o, = 1 

and 

(49) 

For example, the binding isotherm for each species 
can be written in the form 

where 

(52) 

is the binding constant of the ith species due to its 
competition with the jth species. Eq. (52) is fully 
analogous to Eq. (47) for two-counterion competi- 
tion, with the same transition in the expression for y 
between low and high salt concentrations. Eq. (51) 
should be compared to the analogous McGhee-von 
Hippel expression 

0; 
- =Ki 

'bi 
(53) 

Again, the P-B expression lacks the site exclu- 
sion term and does not treat the site size as a 
variable. It also describes competition not only in the 
monovalent salt concentration, but deals with all 
counterion species on the same basis, thus introduc- 
ing the binding constant Kij for the competition of 
any two counterion species. 
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A common experimental situation has three types 
of counterions. One is the buffer counterion, typi- 
cally Na+ or K+, and the others are higher valent 
ligands, one of which is labeled. Monitoring the 
binding of the labeled species in the course of a 
titration with the unlabeled one, followed by fitting 
the data to a presumed isotherm, enables the determi- 
nation of the binding constant of the unlabeled coun- 
terion if the binding constant of the labeled one is 
known under the same buffer conditions. An exam- 
ple is the competition between spermine4+ (Spe”+ ) 
and spermidine3+ (Spd3+) [8] shown in Fig. 9. The 
[Na] = 0.127 M and [Spe4+] = 1.16 X lop4 M were 
fixed, while the [Spd3+] was varied. The binding 
constants obtained in this indirect way using Eq. (53) 
were similar to those obtained from direct binding 
experiments without the competing ligand, and had 
similar strong salt concentration dependence. 

We have fitted the same points using our theoreti- 
cal approach, embodied in an isotherm derived from 
Eq. (51) and (52) but rearranged to relate the amount 
of ith species bound to the binding constants of all 
other participating ligands 

oi 

nbi 

i 

2,/z, 

1 -z,@, - c ( z~@~)~““Z$;Z~~~~ 
k#i.j 

(54) 

0 ,“1”““““““’ 
0 0.0005 0.001 0.0015 0.002 

[Spd3+l, M 

Fig. 9. Competition of spermidine (Spd’+ ) with 1.16X 10m4 M 
sperm& (Spe4+ ) in a background of 0.127 M Na+ buffer [8], 
fitted according to Q. (55) with T( = 2 M (solid line) and n: = 6 
M (dashed line). 

Under the particular experimental conditions, this 
takes the form 

0 SLle 

1.16 x lo4 

X[l -4&r,- ( ,.l;;;o-~)3’4 

(55) 

Calculations were performed for n’, = 2 M and 6 
M. Both fit the data fairly well; the differences in the 
curves illustrate the sensitivity to the fundamental 
surface binding parameter. 

7. Conclusions 

We have described a tractable analytical ap- 
proach, based on the non-linear Poisson-Boltzmann 
equation, to competitive counterion binding to highly 
charged polyions such as DNA. Our treatment in this 
paper summarizes and extends our previous work 
[ 19,201. Tests of this approach against numerical 
solutions of the P-B equation and experimental data 
indicate that it provides an adequate account of 
non-specific electrostatic binding of charged ligands 
to polyelectrolytes. It self-consistently reproduces the 
major features of such binding, especially the anti- 
cooperativity and strong salt dependence. Both fea- 
tures are defined by the ratio of charges of the 
competing species. Anti-cooperativity occurs even 
for point charges, and does not require steric repul- 
sion between the ligands. In fact, steric effects in 
purely electrostatic binding a,‘e minimal even for 
ligands as large as lo-15 A due to the strong 
electrostatic repulsion between them within the thin 
surface screening layer. A similar observation was 
made by Ray and Manning [ 181 in the context of 
counterion condensation theory. 

The P-B approach yields, without prior assump- 
tions of fixed stoichiometry, the familiar low-salt 
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ion-exchange behavior embodied in Eq. (l), which 
occurs because a majority of the screening counteri- 
ons reside in the very thin surface layer, independent 
of bulk salt. The parameters of this surface layer start 
to change slowly with increasing salt for I > n’J.$’ 

= 0.1 M. The weak additional charge accumulation 
in this range leads to a decrease in polyion-ligand 
“ion pairs”, and thus in the power S of the salt 
concentration dependence of the binding constant. At 
even higher salt concentration, 1 2 1 M, S drops to 
about 1, manifesting the complete breakdown of the 
ion-exchange picture. Thus the P-B approach ex- 
plains naturally the observed variation of S over the 
entire range of ionic strength. Truly linear log(K,,,) 
vs. log[salt] behavior with constant S and intercept 
near 1 M is typical only for sufficiently low salt 
concentrations. The range of I where S starts to 
decrease from its maximum value depends on the 
polyion surface charge density. It is usually about 
0.1 M for double-stranded DNA, and somewhat less 
for single-stranded polynucleotides. 

The analytical P-B treatment gives us a theoreti- 
cal expression for electrostatic binding constants, and 
allows us to estimate the amounts of competing 
species bound within an arbitrary distance from the 
polyion surface. The accuracy of the estimate is 
comparable to that from numerical P-B calculations, 
while replacing the complex numerical calculations 
with algebraic equations similar in ease of applica- 
tion to those of the counterion condensation theory 
[ 151. The prediction of the amounts bound can be 
carried out with modest uncertainty, which comes 
largely from the imprecisely known effective sizes of 
the competing counterion species. Moderate differ- 
ences AS in the counterion sizes, less than the 
surface layer thickness A = 1 - 1.5 A, appear only as 
a factor e-ZzA6/A in Y and Kobs. A larger difference 
in ion sizes will also affect the effective charge of 
the ligand zCn in competitive electrostatic binding, 
so that it may be different from the total charge z,?. 
For small ions with well-defined charges, fits of 
experimental titration data to the isotherm Eq. (46) 
can be carried out with Kobs as the only variable 
parameter. For larger ions, both Kobs and z2 should 
be treated as adjustable parameters. The tests for 
self-consistency of such fitting should be that S = 
zeff, and that n6 obtained from Kobs should be in the 
range 0.5-5 M for B-DNA. 

Our treatment of the purely electrostatic binding 
of relatively simple ligands does not, of course, take 
into account many of the complexities encountered 
in DNA-ligand binding. These include non-electro- 
static contributions which will often have a signifi- 
cant enthalpic component, changes in hydration of 
the binding partners, and charge localization in glob- 
ular proteins [30-331. However, despite these com- 
plexities, a surprising number of charged ligands 
bind to polyions in a distinctly electrostatic fashion. 
Our approach provides a useful way to characterize 
and quantify this type of binding behavior. 
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